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In this paper we study a type of model for closed inflationary universe models using the Jordan- 
Brans-Dicke theory. Herein we determine and characterize the existence of Q >1, together with the 
period of inflation. We have found that our model, which takes into account a Jordan-Brans-Dicke 
type of theory, is less restrictive than the one used in Einstein's theory of general relativity. Our 
results are compared to those found in Einstein's theory of Relativity. 
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I. 



INTRODUCTION 



The existence of Doppler peaks and their respective 
localization tend to confirm the inflationary model, which 
is associated with a flat universe with £1 = 1.02± 0.02, as 
corroborated by the existence of an almost scale invariant 
power spectrum, with n s = 0.97 ± 0.03[lJ. 

The recent temperature anisotropy power spectrum 
measured with the Wikinson Microwave Anisotropy 
Probe (WMAP) at high multipoles is in agreement with 
an inflationary A- dominated CDM cosmological model. 
However, the low order multipoles have lower amplitudes 
than expected from this cosmological model 2\. Perhaps, 
these amplitudes may indicate the need for new physics. 
Speculations for explaining this discrepancy has been in- 
voked in the sense than the low quadrupole observed in 
the CMB is related to the curvature scaleQ- 

Due to this it may be interesting to consider other 
inflationary universe models where spatial curvature is 
taken into account. In fact, it is interesting to check if 
the flatness, in the curvature as well as in the spectrum 
are indeed reliable and robust predictions of inflation^. 

In the context of an open scenario, it is assumed 
that the universe has a lower-than-critical matter den- 
sity and, therefore, a negative spatial curvature. Sev- 
eral authors 0, IS 0> @> following previous speculative 
ideas 0, ^j, have proposed possible models, in which 
open universes may be realized, and their consequences, 
such as density perturbations, have been explored 
The only available semi-realistic model of open inflation 
with 1 — VL <C 1 is rather unpleasant; since it requires a 
fined-tuned potential of very peculiar shape [8|, [12J ■ Very 
recently the possibility to create an open universe from 
the perspective of the brane-world scenarios has been 
considered |l3j . 

The possibility of having inflationary universe models 
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with >1 has also been consideredHEHljl. Partic- 
ularly, this case has been marginally indicated by the 
WMAP recent observations Q. 

In this paper we study inflationary closed universe 
models in which a Jordan-Brans-Dicke (JBD) theory is 
taken into account 0. Following the line described by 
LindeQ, we considered two situations: in the first, the in- 
flaton potential V(a) is constant. More precisely, in this 
case the model is based on a step-like effective potential 
in which V(a) — at a < and V(a) = V = const 
for the range of a given by 0< a < a a , where 0~ o is its 
initial value. Close to this value (a = 0~ o ) we will as- 
sume that the potential sharply rises to infinitely large 
values. In a universe with Q > 1, and in order to make 
inflation short, one could consider that the effective po- 
tentials at the Planck density are extremely steep. In 
general, such a universe will not typically enter the infla- 
tionary regime and will collapse quickly. This suggests 
that most of the universes described by the models that 
use extremely steep potentials will not inflate at all, or 
will expand by a factor much less than 60 e-folds. In this 
way, most of the universe will be short living. We like to 
address this particular problem here; the other effective 
potential that we are considering is a chaotic potential of 
the form V(a) = X n a n /n. If we agree with the probabil- 
ity of creation of an inflationary universe, it is suggested 
that it is much more natural for the universe to be cre- 
ated with a density very closed to the Planck density. 

In the case of Einstein's theory of general relativity 
with a constant scalar inflaton potential V(<r), the infla- 
ton field a stops before it reaches the value a = 0, whose 
value is necessary for ending inflation, and hence infla- 
tion would continue forever 4| . Differently, in a JBD type 
of theory, it is possible to solve this (graceful exit) prob- 
lem. As we will see, the JBD parameter u> and the initial 
condition of the JBD field make it possible that the in- 
flaton field reaches the value a = and thus solving the 
graceful exit problem. 

The structure of the paper is as follows: In Sec. II we 
present the action and equations for the Jordan-Brans- 
Dicke theory. In Sec. Ill we determine the characteristics 
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of the closed inflationary universe models that are pro- 
duced with a potential V(a)= constant. In Sec. IV we 
determine closed inflationary universe models for chaotic 
potentials of the form V(a) = \ n a n jn. We give an es- 
timation of the scalar density perturbation Sp/p. At a 
different level, our results are compared with those ob- 
tained with Einstein's theory of gravity. Finally, conclu- 
sions and some discussions are presented in Sec. V. 



II. THE COSMOLOGICAL EQUATIONS IN JBD 
THEORY 

We consider the effective action S given by 
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where 
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and R is the Ricci scalar curvature, <j> is the JBD scalar 
field, and e is a dimensionless coupling constant that, in 
terms of the JBD parameter u> — j^. V(a)is an effective 
scalar potential associated with the inflaton field, a. 
The Friedmann-Robertson- Walker metric is described 

by 



ds 2 



dt 2 



a{tf 



dil 2 k 
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where a(t) is the scale factor, t represents the cosmic time 
and dil 2 . is the spatial line element corresponding to the 
hypersurfaces of homogeneity, which could represent a 
three-sphere, a three-plane or a three-hyperboloid, with 
values k=l, 0, -1, respectively. From now on we will 
restrict ourselves to the case k = 1 only. 

Using the metric and k=l, in the action QJ, we 
obtain the following field equations: 
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where the dots over <f> and a denotes derivatives with 
respect to the time t. For convenience we will use from 
now on units where c = 7l=Mj,=G -1 ' 2 = 1. Note that 
this set of equation reduces itself to the set of Einstein's 
field Eqs., in the limits e — ► and e(j) 2 — ► M 2 /8tt — 

1/87T. 



III. CLOSED INFLATIONARY UNIVERSE 
MODEL WITH V = Cte. 

Following Linde£|, let us consider for simplicity a toy 
model with the following step-like effective potential: 
V(a) = at a < 0; V(a) — V — const at 0< a < a Q 
(here a D is the initial value of the inflaton field) . We shall 
also assume that the effective potential sharply rises to 
infinitely large value in a small vicinity of a — a Q . As 
Linde mentions in Ref. Q this model is very well suited for 
the description of a certain version of an F-term hybrid 
inflation in supergravity. In such models the effective po- 
tential is nearly constant at small a and it exponentially 
rises at large a. We should mention that the physical 
background of this model is inspired by Linde's Hybrid 
inflation model[Tjj. Therein, the inflationary plateau is 
due to the vacuum density associated with some other 
so-called "waterfall" field which is coupled to the inflaton 
field. Here, the plateau is slightly tilted due to radiative 
corrections so the field will continue to roll down, and 
in addition the end of inflation occurs at some critical 
value <7 C > 0, differing from our case in which inflation 
ends at a = 0. But, fundamentally, the models are rather 
similar. In fact, for large values of a, supergravity correc- 
tions introduce a quartic term which grows rapidly and 
resembles very much the abrupt cliff mentioned above. 

Suppose now that a close universe described by these 
models appeared "from nothing" in a state with the field 

a > a Q at the point with d = 0, a = 0, 4> = \fj3^4> and 
the potential energy density equal to V (with V a > V). 
Here, the time derivative of the JBD scalar <p has an ini- 
tial condition that depends on (3 and <j> . The value of 
(3 permits us to establish when inflation may occur, by 
means of the probability of creation of an inflationary 
universe model. This restricts the initial value of the in- 
flaton field, (T , and also, the value of <p which represents 
a fraction of the initial value of <j>. We choose this partic- 
ular initial value for <f> in order that, in each one of the 
successive intervals of the inflaton field, Act, and in each 
one of the successive intervals of the inflationary process, 
these quantities do not depend on f3 a . 
It will be convenient to represent V a as 



where V* = Cte. 



Vo = V* 



3V 



AV* 



Note that this quantity rep- 



2(l+3e) • 

resents an upper bound on V which occurs when A V* — > 
0. The definition of V* in term of V and e allows us to 
study the energy density in the vicinity of a = a a and 
the one established from energy conservation 1 and the 



1 In the case of GR theory: 
The energy conservation V 
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be given 



equation©. Note that this value of V* yields the ap- 
propriate Einstein's General Relativity limit for e — ► 0. 
Here, A V* is a small quantity that becomes a function 
of the quantities e, V and (3 . 

Then, the field a instantly would fall down to the 
plateau (V(a) — V), and its potential energy density 
would become converted into the kinetic energy, ^- = 
(1 ~ 6e)v - A V~* , and thus the velocity of the field a would 

with a = - 6e)V/(l + 3e) - 2A V*. 

Since this happens nearly instantly, one still has a = 0, 

4> = Vfrtio and a = -^/(l - 6e)V"/(l + 3e) - 2AV* 
at these times. These values could be considered ini- 
tial conditions when solving the set of Eqs.Q-JfjJl, for 
V(cr)=V=const in the interval < u < <r . Since the 
field a instantly falls down to the plateau (V=const), its 
potential energy density is converted into kinetic energy. 
This causes & to change from a zero value to a nega- 
tive constant value. During this change, we see from the 
Friedmann equation that a = and 4> — const. = cf> . 
After this period, the inflaton field a instantly falls down 
to the plateau and the evolution of the JBD field <f> mono- 
tonically increases to some constant value, which we de- 
note by (f)j\[ . We fixe t his va lue to the actual value of the 
Planck mass times ^uj/2tt (recall that (t> 2 N = M^/Rive 
which becomes 0^ = lu/2tt — const, in unit with 
M p = 1). In Fig. 1 we show the temporal evolution 
of the JBD scalar field. 

In order to clarify the conditions under which a closed 
universe could remain static, or could collapse, or even 
could enter an inflationary regime, it is necessary to 
rewrite Eq.© in terms of A V* 



a = ai] 



2H 
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2a(l + 3e) 
3e0 2 (l + 6e)" 
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where H = a/a defines the Hubble expansion rate and 

rj = <f)/<f) = | | <C 1 where G — 1/87TE0 2 is the grav- 
itational "constant" . The present value of n is of the 
order of r\ < 10~ 10 /j/r which in Planck mass unit be- 
comes ~ lCP 45 Afp. In general, during inflation we have 
H ~ W/Mp with W ~ 10^" 5 M 2 and we assume that 
during inflation H > 77/65. This assumption is justified, 
since during inflation Hi n f ~ 10~ 5 M p . In our models, 
we take rji n f ~ 10 -11 -Mp, when we resolve the field equa- 
tions for the different values of the JBD parameter oj, 



Static universe a = Vo = 3V/2; Colapses 

a < ==> Vo > 3V/2; Inflation a > V a < 3V/2. 

In general V a = 3V/2 - A V with A V = 0, < 0, > 0. 



In the case of JBD Theory (analogy): 

■ 2 

The energy conservation V + = tj- 
in Eq.(6), we find 



2(V - V) 



V 



3V 



2(1 + 3e) 



AV* 



V* - AV* 




FIG. 1: For the model V = const we have plotted the JBD 
field (j>(t) as a function of the time t, for two different values 
of the JBD parameter, uj = 500 and uj — 2000. We have 
assumed the constant V to be equal to one. 



initial values of the JBD field and the time derivatives of 
the JBD scalar (j). This approximation coincides with the 
approach used by the author in Ref.^^|, when he stud- 
ies inflation in a JBD theory. In this form, the above 



equation takes the form a ~ 2arj H + 



2a(l+3e) 



AV* 



3e0 2 (l+6e) 

In the particular case of A V* = 0, different possibili- 
ties exist as opposed to what happens in Einstein's GR 
theory. In the case of n H > 0, a > and 3a/ a > 0, the 
value of a decreases, and the universe enters an inflation- 
ary phase. In the case ofnH<0,a<0 and 3a/ a < 0, 
the universe collapses. If Hij + 3^mfa A V* = 0, the 
acceleration of the scale factor a = and the universe 
remains static, as occurs in Einstein's GR theory. 

For Hn + 3e ^+ 6e) A V* < 0, the term 3a/ a < 0, 
which makes the motion of a even faster with the conse- 
quence of a rapidly collapsing universe. 

In the case of Hn + 3^7^^ A V* > 0, which means 
a > 0, we get 3a/ a > 0. The field a rapidly decreases, 
and thus an inflationary phase is generated. 

Note also that, in the regime where V=const, the 
scalar field a satisfies equation 



q a ■ 
-3 — a, 

a 



(7) 
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which implies that 



(8) 



Here d Q is the initial velocity of the field tr, immediately 
after it rolls down to the flat part of the potential. But 
once expansion of the universe begins, this expansion fol- 
lows a simple power-law ( as opposed to the GR case 
where a ~ e H \ with H = ^8tt V/3, see Ref.jJ]). The 
effect of the JBD scalar field in this model is reflected in 
the change of the slope of the scalar field a, even if its 
form remains the same, as shown in Figs. 2 and 3. We 
could describe a power-law regime, (which occurs if we 
neglect </>/(/> as compared with H, <fi as compared with 
3H <j> and <fi 2 , a 2 as compared with the effective potential 
V(a), and the term 1/a 2 is rapidly diluted ) and possible 
solutions would be given by |18| 



a(t) 



<j>(t) 



(9) 



where 



(1 + 6e) 
7 = ; oi 



(1 + fe)# V 3 ' 



£<t>lV 



in which <j) is the initial value of the JBD. 

The resulting equation for the scale factor reads as 
follows: 



} a<j> aft 2aVP(t) 
<j> 3ecj) 2 3e(f> 2 



(10) 



At this point, we will introduce a small time-dependent 
function defined by 



(3(t) 



1 



2V{1 + 6e) 



[(1 - 6e)V - (1 + 3e)& 2 } < 1. (11) 



Here, we would like to make a simple analysis of the 
solutions to Ea. (fTU|l for /3(0) = (3 Q <C 1, in which 



1 



2V(1 + 6e) 



[(l-6e)T/-(l + 3e)a 2 ] 



(1 + 3s)A V* 
(1 + 6s)V 



< 1, 



(12) 



when a(t) increases enough and an inflationary regime 
settles in, the inflaton scalar field a gradually stops mov- 
ing. From Eq. (JSJ) together with Eq. JUJl we write 
a = a (at + l) -37 , and a moves a finite distance, which 
in our case becomes 



Ao- inf = 



(l + 6e) /(l-6e)3e<#i 



a(37-l) (3 + 14e) V (1 + 3e) 



(13) 



When e — > and E(f) 2 = Cte. = 1/87T, we obtain A<Ti n f w 
— l/(2v / 67r), which coincides with the result obtained in 
Einstein's theory of Relativity . 



At the beginning of the process, when a ~ a a , <j> 
and 0(t) « /3 , Eq. ifTUIl becomes 

h(j> a 4> 2 2a a V I3 
a = I 



<j) 3e<p 2 a 3e02 



(14) 



and for small t the solution of Eq. p4[). i.e. the scale 
factor a(t), is found to be given by 



a{t) 



(3o 
3ecti 



V 



t 2 + 0(t 3 ) . (15) 



From Eq. JSJ we find that at the time interval A t\ given 
by 



2(1 + 6e)g0g 
\ (l-6 £ )(2F-£ ) 



(16) 



the parameter (5 becomes twice /3 a , when consequently 
the inflaton field a decreased by the amount 



Acri - &(0)At 1 ps - 



2V(1 + 6e)e<j) 2 
\ {l+3e)(2V-To ) 



(17) 



This process continues, after a time At2 ~ Aii, where 
now the field a decreases by the amount Aa2 ~ Acri, 
implying that the rate of growth of the scale factor, a(t) 
doubles. This process finishes when /3(t)—(l — 6e)/2(l + 
6e). Here, the beginning of inflation is determined by the 
initial value of the inflaton field given by 



Cinf 




3(l-6e)e02 (l + 6e) 



(1 + 3e) (3 + 14e) 



+ 



2V(l + 6e)e(f> 2 
\ (l + 3e)(2V-^) 



hi 



(1 + 6e)/3 



(1 - 6e) 



(18) 



Note that this expression indicates that our results are 
very sensitive to the choice of particular values of lu, 
and <p , apart from the other parameters that enter the 
theory. Note that in the limit in which ecf> 2 — ► 1/8tt 
and e — > 0, the above expression reduces itself to 
CTi rl f ~ cr + 0.1 + 0.15 In /3 , where now, in this limit, 
Po becomes (3 a — > (1 — & 2 /V)/2. Since inflation occurs 
in the interval a- m { > and a = 0, we should obtain for 
the initial value of the inflaton field 



a > 



(l + 6e) /3(l-6e)e02 



(3 + 14e) I/ (1 + 3s) 



2V(1 + 6g)g0§ 
\ (l + 3e)(2V-&, ) 



In 



(1 + 6e)/3 
(1 - 6e) 



(19) 
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We continue describing a model of quantum creation 
for a closed inflationary universe model. According to 
Ref.[ljj, the probability of the creation of a closed uni- 
verse filled with a scalar field a, with an effective poten- 
tial V{a) in the theory of JBD for the case ecj) 2 ^> V 1 / 2 
is given by 



P 



-2\S\ 



exp 



57T£< 



l2\2 



\V{a) 



(20) 



We first estimate the conditional probability that the 
universe is created with an energy density equal to V* — 
( 1 + 6e)P V/(l + 3e) , under the condition that its energy 
density V was smaller than V*; for the initial value of 
the JBD field 6 = 6 n we find 



P ~ exp 



37T£<7 



V* 



(l+6g)ft, V 
(1+3e) 



1 



P ~ exp 



j7T £ ^) 2 (l + 6 £ ) 2 /3 

6(l + 3e)V 



(21) 



which implies that the process of quantum creation of 
an inflationary universe model is not exponentially sup- 
pressed by j3 < ( i + fe 1 ) a" (sle^' 1 ) ' 2 ' wn i cn m turn means that 
the initial value of the inflaton field a must be bounded 
from below 



c > 



/3(1 - 6e-)e02 (i + 6e) 



(1 + 3e) (3 + 14e) 



2V(\ + 6e)eq 
\ (l + 3e)(2y-< 



■In 



) 



6{l + 3e)V 
(1 -36£ 2 )(8tt£02) 2 



(22) 



Let us consider two different cases for the values e<fi 2 
and oj. 

First, suppose V ~ 10" 11 , 8ne<f> 2 = 1/2, O = 10~ 12 
and oj = 500. In this case the probability of creation 
of an inflationary universe is not suppressed by p Q < 
2.4 • 10 -10 . The value /3 Q allows us to fix the initial value 
of the inflaton field. In this case we have found that 
inflation begins when the field a takes the value 



(j > -0.08 - 0.14 ln(2 ■ 10~ 10 ) - 3.0 M p 



(23) 



After the initial inflation, the field a stops moving 
when it passes the distance |Acrj n f | ~ 0.08. However, this 
result is a particular value that depends on the value we 
assign to the parameter oj and the initial values of </> Q and 
</>o for a given value of the effective potential V. 

^J2 

Now, suppose that V ~ 10" 11 , 8tt£<?(> 2 = 1/8, cj> = 
10~ 12 and oj — 1000. In this case, the probability of 



creation of an inflationary universe is not suppressed by 
f3 < 3.8 • 10~ 9 . And hence we found that inflation begins 
when the initial value of the inflaton field a takes the 
value 



(j > -0.08 - 0.15 ln(4- 10" 



2.8 M„ 



(24) 



Note that in this case, the field a moves a finite distance 
which becomes | Acr in f | ~ 0.08. If this field stops before 
it reaches cr=0, then the universe inflates eternally. The 
same problem is found in Einstein's General Relativity 
model (AtJjnf ~ — 1/2V67T = const.). However, in the 
context of the JBD theory, the value of Aer in f, is quite 

sensitive to the values we assign to ui, 4> and <j> . There- 
fore, as we will see, the problem that the universe inflated 
for ever disappears and the inflaton field reaches the value 
a =0, for oj < 2000 and for some appropriate initial con- 
ditions of the JBD field <f> and <p a . It has been claimed 
that the values of w should be greater than 2000, in order 
that the JBD theory be consistent with the astronomical 
observations. In the more general scalar-tensor theory, u> 
can vary, depending on the scalar field <f>. In cosmolog- 
ical models, based on such theories, it has been pointed 
out that there is generally an attractor mechanism that 
drives oj to oo in the late cosmological epochs [2(j. But, at 
an early time in the evolution of the universe the value of 
oj(4>) can be significantly different. Here, information on 
the different cosmological epochs may constrain the value 
of to to the range 10 < oj < 10 7 (see Ref-HJ). Therefore, 
in the early universe it is possible to consider oj which is 
smaller than the one used at the present epochj^. 

The numerical solutions to the inflaton field o~(t) are 
shown in Fig. 2, for different values of the oj parameter. 
Note that the interval of a at a m i increases when the 
parameter oj decreases, but its shapes remain practically 
unchanged. We should note here that, as long as we de- 
crease the value of the oj parameter, the quantity cr — <7j n f 
increases, and thus it permits | Aer^f | to reach a = 0, even 
when they themselves are not oscillations of the inflaton 
field in neither of the two theories presented. If the field 
a starts its motion with sufficiently small velocity, infla- 
tion begins immediately, in analogy with Einstein's GR 
theory. If it starts with large initial velocity d Dl because 
it falls from the value of V(a) — V* — AV* , the universe 
does not present the inflationary period at any stage. 



IV. CHAOTIC INFLATION WITH V = X n a n /n 

Let us now consider chaotic inflation universe models 
as a next step. In this model the main idea was to study 
all possible initial conditions in the universe, including 
those where the scalar field outside of the minimum of the 
scalar field potential 23] . In this sense, in order to study 
the evolution of the universe filled with a scalar field a, 
we must somehow set the initial values of the field and 
its derivatives at different point in the space. Also it is 
needed to specify the topology of the space and its metric 
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co=2000 

co=500 
co=150 




FIG. 2: For the model V = const and the same value of <r , we 
have plotted the inflaton field <r(t) as a function of the time, 
for three different values of the JBD parameter, u> = 150, 
u> = 500 and uo = 2000, respectively. Here we have assumed 
the initial value for the JBD field to be equal to 87re0o = 1/2. 
GR represents the same plot, however using Einstein's theory 
of Relativity. We have assumed the constant V to be equal 



in a manner consistent with the initial values. In this way, 
this kind of model is concerned with the evolution of a 
universe filled with a chaotically distributed scalar field 
a. 

In the context of chaotic inflation, another possible 
realization is an axionic (shift)symmetry, whenever the 
inflaton is a pseudo-scalar axion. In this scheme, the in- 
flaton potential arises due to the breaking of a (global) 
axionic symmetry, and it is therefore controlled by it: for 
instance, the coupling of the inflaton to matter does not 
affect the inflaton potential if the axionic symmetry is 
respected. This mechanism, known as natural inflation, 
was originally proposed in |24| . and several possible im- 
plementations have been discussed in [25J. Shift symme- 
tries also arise within string theory, and their application 
to inflation has been considered for instance in [25|, [2(j . 

Let us now consider an effective potential given by V = 
X n a n /n for a < a , which becomes extremely steep at 
er > <r . If the universe is created at a just above a , at 
the point V > V(a ) — A„c7"/ n > the field immediately 
falls down to a Q and acquires a velocity given by cx 2 /2 = 
V -V(a ). 

We will denote V*(a ) as the critical initial value of 



V, such that inflation still exists for the field a falling to 
the point a from the height V Q < V * , and disappears at 
V > V*. We also introduce the parameter /3 D , similar 
to the one of the previous section. During inflation, the 
scale factor is given in the present situation by 



— = I — I = I 1 

a n 



{<?l-<t) 2 ) 
7 n e<j)g 



(25) 



and the universe expands exp(7/21n(l + a^/jne<p 2 )) 
times, when <r(t) — ► 0. 

We considered a model with n = 2, where the effective 
potential blows up at a > tj = 0(10), u> = 500, 87T£(/> 2 = 

1/2, (j) = 10~ 12 and V = 10~ n . In this case we have 
found that inflation begins when the a rolls down to the 
point 



CTinf ~er + 0.03 + 0.14 In 



(1 + 6e)fl, 
(1 - fe) 



(26) 



In order to achieve the 60 e-folds we first need to give the 
values of e and 4> so that we could find an initial value 
for the scalar field a. For instance, if we chose w=500 and 
87T£0o = 1/2, we find that a Q — 2.3. With these values, 
and V ~ 10~ n , the probability of creation of the universe 
is not suppressed for (3 < 2.4 • 10~ 10 . Therefore one can 
argue that it is most probable to have j3 a ~ 2.4 • 10 -10 . 
This means that inflation typically starts in this model 
at 



finf 



3.1, 



(27) 



which means that inflation starts with a larger value of 
the scalar field a than the one obtained in the JBD the- 
ory. 

Now we consider a model with n = 4, where the effec- 
tive potential V = A4<7 4 /4 blows up at a > a Q = 0(10), 

uj = 500, 8we<j) 2 = 1/4, O = 10~ 12 and V = 10" n . In 
this case we have found that inflation begins when the a 
rolls down to the point 



o-inf «cr + 0.07 + 0.14 In 



(l + 6e)& 
(1 - 6e) 



(28) 



As an example, we considered w=500 and 8Tre(f>g = 1/4, 
such that a = 3.3 is required to obtain an universe that 
inflates e 60 times. Also we have taken the values V ~ 

HT 11 , (f> - 1(T 12 and (i - 9.6 • lO" 10 . 
that the inflation field typically starts at 



This means 



CTinf 



(29) 



For <7 =10, inflation starts at a m f ~ 7.2, the universe 
inflates e 321 times and becomes flat. The universe inflates 
e 60 times for a- ln f = 2.3, i.e. for a Q = 5.1 and this leads 
to £1 = 1.1. The numerical solution <j(t) is shown in 
Fig. 3 for some different values of the u> parameter and the 
same velocity, a D . In the same situation, we have studied 
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the evolution of the JBD field (f>. We have found that 
this field monotonically increases towards some constant 
value, which is closer to the one determined by the actual 
value of the Planck mass (recall that ecj) 2 N — 1/ 87r) , just 
when the inflaton scalar field a begins to oscillate near 
the minimum of the effective potential, located at a ~ 0. 
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FIG. 3: This plot shows the inflaton field <r(t) as a function 
of the cosmological times i, for the effective potential V(a) = 
A4 cr 4 /4, either in Einstein's or in JBD theories {uj = 500 and 
uj — 2000) for the same value of d - In these graphs we have 
assumed the constant A4 to be 1. 

It is interesting to study our model density perturba- 
tions but, as the JBD theory affects the density pertur- 
bations, we calculated the density perturbations in our 
model according to Ref. (2?J and plotted the function 



Sp/p at small N. However we will postpone a complete 
investigation of this problem for the time being. 

Fig. (4) shows the magnitude of the density perturba- 
tions as a function of the N e-folds parameter for the 
model A4, for a = 10 and for various values of uj. Sim- 
ilar to the corresponding model in the Einstein's theory 
of GR , Sp/p has a maximum at small N ~ 0(7). Numeri- 
cally, we could show that it presents a small displacement 
for cj=500 with the maximum at N = 0(8) which corre- 
sponds to a scale ~ 10 25 cm, which is similar to that 
obtained in the Einstein's GR theory. 
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FIG. 4: Scalar density perturbation for the model V(a) = 
A4 <t 4 /4 as a function of the N e-folds parameter for two dif- 
ferent values of the JBD uj parameter. The values that we 
have assumed are uj = 500 and uj = 2000 for A 4 = 10" 14 and 
a = 10. These plots are compared with that obtained by 
using Einstein's GR theory, where dp/ p « Cte.H 2 /\&\. 



p 

where 



CteH 2 



(£(b 2 8Tr) 



1 



(1 - £0 2 8tt) 
2\j>\ 



1$ 



(30) 



and Cte = 3/5n, which corresponds to density pertur- 
bations in a flat universe, and note that equation i|30|) 
coincides with the GR, if we assume that £(f> 2 — l/8n. 
However, these density perturbations should be supple- 
mented by several different contributions in a closed in- 
flationary universe, which may alter the final result for 



V. CONCLUSION 

In this article we study a closed inflationary universe 
model in a JBD theory. In Einsteins GR theory this 
model was study by Linde|^|. Here, when V is constant, 
in the interval from a to a = we found some prob- 
lems. First of all, and due to the form of the potential, it 
is found that the universe typically either collapses very 
soon, or inflates forever (graceful exit problem). Sec- 
ondly, after the end of inflation, which occurs when a 
reaches the value a = 0, it seems that the inflaton field 
does not appear to engage into oscillations. This is only 
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because the model is oversimplified. Actually, we should 
mention here that the inspiration for this model comes 
from the Linde's Hybrid inflationary model where the end 
of inflation sends the system towards a direction perpen- 
dicular to the inflaton direction in field space (the direc- 
tion of the waterfall) . Then, both fields begin oscillating 
around the true minimum of the scalar potential. Thus, 
the problem mentioned above does not correspond to the 
physical model, which is the basis for our toy-model. 

In a JBD theory we have found that it is possible to 
successfully solve the graceful exit problem for an effec- 
tive potential V = constant with an extremely steep at 
the Planck scale. The dependence on the values of ui and 
the initial conditions for <j) and 4> permit us to reach the 
value cr = 0, needed for solving the graceful exit problem. 
These conclusions are in good qualitative agreement with 
the result of a numerical investigation. 

We have found that for some initial velocity values ri , 
it is probable that in Einstein's GR theory the universe 
will have a large value of Q; however, in a JBD theory 
and for oj parameter lu < 2000, it is possible to obtain 

n~i.i. 

Also, in the case in which the potential is very sharp 
at large a we have found extra ingredients in the JBD 
theory, when compared with its analog in Einstein's GR 
theory. Specifically, we obtain a short stage of inflation 
for a closed universe. This could be possible due to that 
the speed of the rolling field was very large but it could 
be controlled with the value of the JBD parameter oj. 
Similarly, the long- wavelength perturbations of the scalar 
field were suppressed. Both of these effects tend to sup- 
press the density perturbations produced at the begin- 
ning of inflation, and they would be able to account for 
the suppression of the large-angle CMB anisotropy ob- 



served by WMAP. 

The Sp/p graphs present a small displacement with re- 
spect to N, when compared with the results obtained in 
Einstein's GR theory. This would change the constraint 
on the value of the parameters that appears in the scalar 
potentials V(a). In this way, we have shown that closed 
inflationary universe models in a JBD theory are less re- 
stricted than one analogous in Einstein's GR theory due 
to the introduction of a new parameter, i.e. the u> param- 
eter. The inclusion of this parameter gives us a freedom 
that allows us to modify the cosmological model by sim- 
ply modifying the corresponding value of this parameter. 

As Lindc mentioned in Ref.Q, the fine - tuning re- 
quired for the construction of a closed inflationary model 
is much easier to achieve than the incredible fine - tun- 
ing required for the explanation of the enormously large 
mass and entropy of the universe, its homogeneity and 
isotropy, and the observed anisotropy of CMB without 
using inflation. 

The models that we have treated are fine-tuned, such 
that the flatness of the universe remains a prediction 
of these inflationary scenarios. Nevertheless one should 
keep in mind that with the fine-tuning at a level of about 
one percent one can obtain a semi-realistic model of an 
inflationary universe with > 1 Ref.Q. 
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